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We show that introducing a small uncertainty in the parameters of quantum systems can make the
dynamics of these systems robust against perturbations. Concretely, for the case where a system is
subject to perturbations due to an environment, we derive a lower bound on the fidelity decay, which
increases with increasing uncertainty in the state of the environment. Remarkably, this robustness in
fidelity can be achieved even in fragile chaotic systems. We show that non-Markovianity is necessary
for attaining robustness in the fidelity.
The concept of fidelity decay was originally introduced
by Asher Peres [1] as an indicator of chaos in quantum
systems and as a tool to understand irreversibility in
quantum physics. It measures the overlap of two states
evolving under slightly different Hamiltonians, starting
from the same initial state. Over the last decade, fidelity
decay has become a subject of immense interest in vari-
ous fields including quantum information (as a measure of
stability of quantum motion against perturbations), sta-
tistical physics (as Loschmidt echo) and quantum chaos
[2]. Past studies of fidelity decay have focused on differ-
ent aspects such as the connection between fidelity decay
and the classical notion of Lyapunov exponents [3], char-
acterization of quantum chaos [4, 5], the effect of different
kinds of perturbations and in different time regimes [6–9],
conditions for anomalous slow decay or freeze of fidelity
[10–12], perturbation independent fidelity decay [3], and
connections to decoherence [13–16]. Many of these stud-
ies have focused on a particular type of perturbation -
changes in a control parameter of the system. Examples
include variation of a parameter in the coupled kicked
rotor [1], variation of kicking strength in the sawtooth
map [8], variation of the strength of potential [17] and
detuning of a trapping laser [18]. These studies showed
that the fidelity decays either exponentially or with some
power law and may saturate to a value very close to
zero after some relevant timescale that depends on the
system. Devising methods for enhancing the fidelity of
quantum systems over long periods of time is of critical
importance for quantum control and quantum comput-
ing [19–22]. Dynamical decoupling [23], quantum error
correction [24, 25], decoherence-free subspaces [26] and
the quantum Zeno effect [27–29] are some of the methods
proposed to enhance the stability of quantum computing.
In this Letter, we propose a method to stabilize sys-
tems against perturbations caused by variations in the
external control parameter of a system. Our method en-
sures a finite lower bound on the fidelity decay and we
show that this bound can be significantly greater than
zero. The approach is generally applicable to any quan-
tum system and experimentally simple to implement.
Our method is based on a quantum description of the
control parameters of the system. Consider a quantum
system with Hamiltonian, λHsys, where λ is an external
control parameter that can be varied in some range. Now
let us consider that the control parameter is quantum in
nature: suppose we have an environment with Hamil-
tonian Henv with eigenvalues, λ, and eigenstates, |φλ〉.
Then the joint state |φλ〉 ⊗ |ψsys〉 evolves according to
the Hamiltonian, Henv ⊗Hsys. If the initial state of the
‘system+environment’ is a product state and the state of
the environment is an eigenstate, the system evolves with
the control parameter value λ given by 〈Henv〉. Given
this picture, we now consider a finite-dimensional envi-
ronment where the initial state of the environment is a
superposition of eigenstates rather than a single eigen-
state. In such a case, we refer to 〈Henv〉 as the effec-
tive control parameter for the system. Its value depends
on the initial state of the environment. We then study
the stability of the system’s evolution (as measured by
the fidelity) with respect to changes in the effective con-
trol parameter of the system via changes in the initial
state of the environment. We find that by appropriately
choosing the initial superposition of states of the environ-
ment so that we introduce some degree of uncertainty in
the control parameter, the system, perhaps surprisingly,
can become significantly robust against changes in the
effective control parameter. We quantify this stability
by deriving a lower bound on the fidelity function and
finding the maximum of this bound. We will see that
this is applicable to any system, including highly fragile
chaotic systems. We illustrate the method in the model
of the quantum kicked top, which exhibits both regular
and chaotic behavior .
System coupled to a single-qubit environment: The
quantum fidelity F is defined to be the overlap of two
states evolved from the same initial state: the first state
evolves with the Hamiltonian, H0, and the second evolves
with a perturbed Hamiltonian, H = H0 + V ,
F (|ψ(t)〉, |ψ(t)〉) = |〈ψ(0)|U†sys(t)U sys(t)|ψ(0)〉|. (1)
Here Usys and U

sys are the time evolution unitary op-
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2erators corresponding to the the unperturbed and the
perturbed Hamiltonian respectively.
We first consider a system coupled to an environment
consisting of a single qubit governed by the Hamiltonian,
Hqubit = ασz + β1, where σz is the Pauli operator. The
unitary operator at time t for the ‘system+qubit’ is
Utotal(t) = T exp
(
−i(ασz + β1)⊗
∫ t
0
Hsysdt
)
. (2)
Let ρ(0) = ρqubit(0) ⊗ ρsys(0) be the initial state of the
‘system+qubit’, where
ρqubit(0) =
[
a b
b∗ 1− a
]
. (3)
The state of the total system (system + qubit) after
time t is
ρ(t) = Utotal(t)ρ(0)U
†
total(t)
= a|0〉〈0| ⊗ Vα(t)ρsys(0)V−α(t)
+(1− a)|1〉〈1| ⊗ V−α(t)ρsys(0)V−α(t)
+b|0〉〈1| ⊗ Vα(t)ρsys(0)V−α(t)
+b∗|1〉〈0| ⊗ V−α(t)ρsys(0)Vα(t) (4)
where
Vα(t) = T exp
(
−i (β + α)
∫ t
0
Hsysdt
)
, (5)
V−α(t) = T exp
(
−i (β − α)
∫ t
0
Hsysdt
)
. (6)
Thus, the reduced state of the system at time t after
tracing out the environment is
ρsys(t) = Tr qubit(ρ(t))
= aσα(t) + (1− a)σ−α(t), (7)
where the following notation has been used:
σα(t) = Vα(t)ρsys(0)V
†
α (t),
σ−α(t) = V−α(t)ρsys(0)V
†
−α(t). (8)
If we take a different initial state of the qubit
ρ′qubit(0) =
[
a′ b′
b′∗ 1− a′
]
,
then if everything else remains the same as above, the
state of the system at time t will be
ρ′sys(t) =a
′σα(t) + (1− a′)σ−α(t). (9)
The fidelity between ρsys(t) and ρ
′
sys(t) is
F (ρsys(t), ρ
′
sys(t)) = F (aσα(t) + (1− a)σ−α(t), a′σα(t)
+(1− a′)σ−α(t))
≥ F (aσα(t), a′σα(t))
+F ((1− a)σ−α(t), (1− a′)σ−α(t))
=
√
aa′ +
√
(1− a)(1− a′), (10)
which is obtained using the concavity of the fi-
delity function for positive definite matrices, and the
definition of the fidelity function for mixed states
F (ρ1, ρ2) = Tr
√√
ρ1ρ2
√
ρ1.
Now, for ρqubit and ρ
′
qubit to be valid quantum states,
0 ≤ a, a′ ≤ 1 (11)
⇒
√
aa′ +
√
(1− a)(1− a′) ≥ min{√a,√1− a}.
Thus, we arrive at the following lower bound on fidelity
F (ρsys(t), ρ
′
sys(t)) ≥ min{
√
a,
√
1− a} (12)
for any ρqubit(0) coupled to a qubit with initial state
given by Eq. (3). By choosing a suitable initial state
of the qubit, the lower bound of the fidelity can be raised
to a maximum possible value of 1/
√
2 ≈ 0.7071. This
corresponds to the qubit’s degree of freedom coupled to
the system being in a state of maximal uncertainty (e.g.,
equal superposition state 1/
√
2(|0〉+ |1〉), or a maximally
mixed state).
The effective value of the control parameter is 〈βeff〉 =
〈Henv〉 = 〈ασz +β1〉 = β+α(2a− 1), where the value of
a depends on the state of the qubit. However, this βeff
has a standard deviation,
std(βeff) =
√
〈(ασz + β1)2〉 − 〈ασz + β1〉2
= 2α
√
a(1− a)
(13)
Thus, we obtain robustness in the fidelity at the cost of
precision in the control parameter value.
System coupled to a harmonic oscillator environment:
We obtain a similar lower bound on the fidelity also for
higher-dimensional environments, such as a harmonic os-
cillator, with the Hamiltonian,
(
β1 + α(a†a+ 12 )
)
. We
will restrict the state of the environment to a finite-
dimensional subspace, |ψosc〉 =
l−1∑
k=0
ck|k〉. Here, |k〉 refers
to the energy eigenstates of the oscillator. We follow ex-
actly the same analysis here as for the qubit environment,
except that the initial state of the ‘system + oscillator’
is to be a pure state (for more tractable calculations).
Let |Ψ(0)〉 and |Ψ′(0)〉 be two initial states of the sys-
tem coupled to the harmonic oscillator where the differ-
ence is only in the oscillator state,
|Ψ(0)〉 = (
l−1∑
k=0
ck|k〉)⊗ |ψsys(0)〉, (14)
|Ψ′(0)〉 = (
l−1∑
k=0
c′k|k〉)⊗ |ψsys(0)〉. (15)
We evolve these two states with Hosc ⊗Hsys for time t.
Let %sys(t) and %
′
sys(t) denote the reduced states of the
system at time t. We compute the fidelity between these
reduced states to be
F (%sys(t), %
′
sys(t)) =
l−1∑
k=0
|ck||c′k| ≥ min
k∈{0,...,l−1}
|ck|. (16)
3Thus, by choosing an appropriate initial state for the en-
vironment, the lower bound on fidelity can be raised to
1/
√
l (corresponding to an equal superposition state of
‘l’ eigenstates), with l = 2 being optimal. The effec-
tive value of the control parameter, βeff, in this case, is
〈α(a†a+ 12 ) + β1〉 = β + α(
l−1∑
k=0
k|ck|2 + 12 ).
Stabilizing quantum chaos: the quantum kicked top.
We illustrate our method using an example - the quan-
tum kicked top (QKT) [30]. This is a time-periodic sys-
tem governed by the Hamiltonian :
H = ~
β
2jτ
J2z + ~pJy
∞∑
n=−∞
δ(t− nτ), (17)
where Jy and Jz are angular momentum operators, and
β and p are external control parameters. j is a con-
stant of motion. The unitary operator for a time period
‘τ ’ is given by U = exp
(
−i β2jτ J2z
)
exp (−ipJy). The
QKT is an experimentally realized model [31, 32] that ex-
hibits regular as well as chaotic behavior upon variation
of the control parameters, β and p. It is thus a standard
paradigm for studying quantum chaos both theoretically
and in experiments .
First, we show the sensitivity to perturbations in
the control parameter of the QKT by numerically
calculating the evolution of fidelity as given in Eq.
(1). The initial state of the system is taken to
be a spin coherent state (SCS), |ψ(0)〉 = |Θ, φ〉 =
exp (iΘ (Jx sinφ)− Jy cosφ))|j, j〉. This is a minimum
uncertainty state such that the vector (〈Jx〉, 〈Jy〉, 〈Jz〉)
points along the direction (θ, φ) on a sphere. As shown
in Fig. 1, the fidelity reduces significantly in a few hun-
dreds of time periods (referred to as no. of kicks) for
a perturbation of  = 0.01 in the value of the control
parameter β. To further demonstrate the sensitivity of
the evolution of the QKT to the value of β, we plot the
minimum fidelity over 1000 kicks for a range of initial
SCS states |θ, φ〉 where θ is kept fixed and φ is varied
(Fig.1). The minimum fidelity drops below 0.1 for most
of the SCS states, demonstrating that the lower bound of
fidelity is zero for perturbations in the control parameter
value.
We now demonstrate that by coupling the QKT to a
qubit, the lower bound of fidelity can be raised to 0.7071
as derived in Eq. (12). The total Hamiltonian and uni-
tary operator for one time period is
Htot =
1
2jτ
(ασz + β1)⊗ J2z + pJy ⊗ 1
∑
n
δ(t− nτ),
Utot = exp
(−i
2j
(ασz + β1)⊗ J2z
)
exp (−ip1⊗ Jy).(18)
Let |Ψ(0)〉 = (d|0〉 + √1− |d|2|1〉) ⊗ |ψtop(0)〉 be an
initial state of the kicked top coupled to the qubit,
where, for simplicity, we have chosen pure states for
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FIG. 1. (a) Evolution of fidelity of QKT as a function of no.
of time periods, |ψ(0)〉 = |2.5, 1.0〉. (b) Minimum fidelity over
1000 time periods as a function of φ for initial SCS states
|θ, φ〉 with fixed θ = 1.5. Other parameter values are j = 100,
β = 3.0, perturbation strength  = 0.01, p = pi/2 and τ = 1
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FIG. 2. Evolution of fidelity of reduced state of QKT when
it is coupled to the qubit. j = 25, |ψtop(0)〉 = |2, 1.4〉,
|ψqubit(0)〉 = 1√2 (|0〉 + |1〉), |ψ′qubit(0)〉 = |0〉, β = 3.0, α =
0.01, p = pi/2 and τ = 1
the qubit. The state of the coupled system after a
time period nτ is |Ψ(nτ)〉 = Untotal|Ψ(0)〉. To compute
the fidelity, we consider another initial state |Ψ′(0)〉 =
(d′|0〉 + √1− |d′|2|1〉) ⊗ |ψtop(0)〉. In terms of d, the
inequality in Eq. (12) becomes :
F (ρtop(nτ), ρ
′
top(nτ)) ≥ min{|d|,
√
(1− |d|2)}. (19)
where ρtop(nτ) and ρ
′
top(nτ) are the reduced states of the
kicked top obtained by tracing out the qubit in |Ψ(nτ)〉
and |Ψ′(nτ)〉 respectively. The effective value of the con-
trol parameter is βeff = 〈ασz + β1〉 = β + α(2|d|2 − 1),
which is equal to β for d = 1/
√
2.
Fig. 2, shows that the fidelity evolution of the QKT
coupled to a qubit respects the lower bound of Eq. (12).
We observe that F (ρtop(nτ), ρ
′
top(nτ)) ≥ 1√2 for all n,
where the initial state of the qubit in |Ψ(0)〉 and |Ψ′(0)〉
are 1√
2
(|0〉+ |1〉) and |0〉 respectively. All the parameters
pertaining to the kicked top are the same for Fig. 1 and
Fig. 2 except j, and α = 0.01 for Fig. 2. For the plot in
4Fig. 2, since d = 1√
2
, βeff = β = 3, as illustrated previ-
ously. For this value of β, the kicked top exhibits chaotic
dynamics in the classical limit. The standard deviation,
std(βeff) = α = 0.01, which is calculated using Eq. (13)
and the parameters used for the plot. Thus, at a cost
of uncertainty of 0.01 in the value of the control param-
eter, we ensure that the fidelity always remains greater
than 1√
2
. Although the perturbation of the control pa-
rameter in Fig. 1 is the same as the standard deviation
in the value of the effective control parameter value in
Fig. 2, the evolution of the fidelity function for the two
cases is very different. Coupling of the system to the
qubit thus leads to robustness in fidelity. Furthermore,
this robustness occurs even when the system under con-
sideration exhibits chaotic behaviour. Our results are
based on experimentally accessible parameters that can
be implemented in experiments using currently existing
technology [31, 33, 34].
Discussion: The lower bound of the fidelity function
is zero for the standard description of classical pertur-
bations of the control parameter in the system Hamil-
tonian. Upon quantizing the control parameter using a
discrete environment, the fidelity becomes lower bounded
by a non-zero value, which can be maximized by appro-
priately choosing the initial state of the environment. In
this quantized description, the old classical perturbation
of the control parameter corresponds to the special case
where the initial state of the environment is an eigen-
state. By releasing this restriction of the environment
to eigenstates and allowing superposition states, we have
gained robustness in the fidelity decay. The maximum of
the lower bound on fidelity scales as 1/
√
l, where l is the
dimension of the subspace, and thus tends to zero in the
continuum limit.
Quantizing the control parameter in the proposed way
yields a mixed-unitary non-Markovian quantum channel
governing the evolution of the system. For example, for
the qubit environment, the non-Markovian channel,
Φt(ρsys(0)) =aVα(t)ρsys(0)V
†
α (t) (20)
+ (1− a)V−α(t)ρsys(0)V †−α(t),
governs the evolution of the state of the system, as evi-
dent from Eqs. (7) and (8). Non-Markovianity is a neces-
sary condition to get the robustness in fidelity obtained in
this paper. Let us consider a Markovian channel Φ˜t(·)).
Then
Φ˜t(·) = Φ˜t/2 ◦ Φ˜t/2(·) (21)
⇒ Φ˜t(ρ) = a2V 2α (t/2) ρV †
2
α (t/2)
+a(1− a)Vα(t/2)V−α(t/2)ρV †−α(t/2)V †α (t/2)
+a(1− a)V−α(t/2)Vα(t/2)ρV †α (t/2)V †−α(t/2)
+(1− a)2V 2−α (t/2) ρV †
2
−α (t/2) . (22)
with an analogous expression for Φ˜′t (which is the chan-
nel corresponding to a different initial state of the envi-
ronment), with a being replaced by a′. Then, a straight-
forward calculation yields
F (Φ˜t(ρ), Φ˜
′
t(ρ)) ≥ (
√
aa′ +
√
(1− a)(1− a′))2. (23)
which is a smaller bound than the bound if it was non-
Markovian (
√
aa′+
√
(1− a)(1− a′)). In Eq. (21), since
we have assumed the channel to be Markovian, we can
just as well break the time t into n steps instead of 2
steps. Breaking it into n steps will lead to a bound of
(
√
aa′ +
√
(1− a)(1− a′))n. Taking n → ∞, the lower
bound tends to zero. This shows that a Markovian chan-
nel cannot achieve the lower bound on fidelity attained
by the non-Markovian channel. This illustrates the im-
portance of Markovianity.
Another interesting aspect is the limit α → 0 in the
Hamiltonian of the environment, Henv. The lower bound
obtained for fidelity is consistent for arbitrarily small α.
However, for α = 0, the fidelity becomes 1. This is be-
cause the channel corresponding to the two different ini-
tial states of the environment, Φt(·) and Φ′t(·), turn out
to be the same for the case of α = 0. This apparent
discontinuity can be understood by examining the time
evolution of the fidelity decay. The initial rate of de-
crease of the fidelity function depends on α, though the
lower bound does not. The rate of decrease of the fi-
delity function gets smaller with decreasing α. Thus, the
fidelity function is continuous as a function of α for any
time t and we have pointwise convergence of the fidelity
function. However, the fidelity function is not uniformly
convergent α = 0, thus the two limits, α→ 0 and t→∞
do not commute with each other.
In summary, we know from the existing literature that
for most quantum systems any small perturbation in con-
trol parameters can drive the system to very different
states (in regular as well as chaotic systems), and the fi-
delity can drop very close to zero. We have shown that
this drop in fidelity can be reduced and in fact bounded
from below by considering the control parameter to be
part of an environment system and by giving uncertainty
to that control parameter. To see intuitively why this
works, we may consider our system as a quantum device
that measures a quantum observable of the environment,
namely the control parameter. If the control parame-
ter is prepared without uncertainty then our system may
possess a pointer variable that measures the control pa-
rameter arbitrarily accurately. The fact that the pointer
states overlap arbitrarily little implies that the fidelity
can drop arbitrarily low. In contrast, if the control pa-
rameter possesses uncertainty, then so will any pointer
variable of our system, indicating a lower bound on the
fidelity. This lower bound then persists independent of
the precise nature and strength of the interaction, ex-
cept when the interaction strength is set to zero, which
explains the discontinuity discussed above. In particu-
lar, contrary to expectations, the new results show that
even chaotic systems need not be susceptible to fidelity
5decay. Since this mechanism for fidelity decay reduction
does not depend on the specific details of the system and
works well even if the environment is as small as a qubit,
it should be of practical use.
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